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Abstract. Let k be an algebraically closed field of characteristic p > 0, and let G be a simple, 
simply connected algebraic group denned over F p . Given r > 1, set q = p r , and let G(¥ q ) be 
the corresponding finite Chevalley group. In this paper we investigate the structure of the first 
cohomology group H 1 (G(F 9 ), L(\)) where L(X) is the simple G-module of highest weight A. Under 
certain very mild conditions on p and q, we are able to completely describe the first cohomology 
group when A is less than or equal to a fundamental dominant weight. In particular, in the cases 
we consider, we show that the first cohomology group has dimension at most one. Our calculations 
significantly extend, and provide new proofs for, earlier results of Cline, Parshall, Scott, and Jones, 
who considered the special case when A is a minimal nonzero dominant weight. 



1. Introduction 

1.1. Let k be an algebraically closed field of characteristic p > 0, and let G be a simple, simply- 
connected algebraic group scheme defined over ¥ p . Let F : G — > G be the standard Frobenius map 
on G, and let F r be the r-th iterate of F. Set q = p T '. The r-th Frobenius kernel G r of G is the 
scheme-theoretic kernel of F r , and the finite Chevalley group G(¥ q ) consists of the fixed points 
in G under F r . It is well-known that the representation theories of G, G r and G(¥ q ) are interre- 
lated (cf. |Hum21 iNakj ). and one can relate the cohomology theories via various spectral sequences 
and limiting techniques [CPSK, BNP]. Even with our current knowledge of these connections, 
our understanding of the dimensions of first cohomology groups for finite groups with non-trivial 
coefficients is limited. 

In 1984, Guralnick |Gurj stated a conjecture for a universal upper bound on the dimension of first 
cohomology groups for finite groups with coefficients in a faithful simple module. Since that time 
counterexamples have been found to the strong form of Guralnick's conjecture. For example, Scott 
[Sco] and others have shown that there exist simple modules for finite Chevalley groups for which 
the first cohomology group has dimension at least 3. Guralnick in work with Aschbacher [AG| and 
Hoffman [GH| provided an upper bound on the the dimension of the aforementioned first coho- 
mology group by one-half times the dimension of the given module. More recently, for semisimple 
algebraic groups, Cline, Parshall and Scott have demonstrated an upper bound (depending only 
on the associated root system of the group) for the first cohomology with coefficients in a simple 
module. Further work along these lines is provided in [PS 2] . Results in the cross characteristic case 
for the dimension of the first cohomology group were proved by Guralnick and Ticp [GTJ . 

In this paper we investigate the structure of the cohomology group H 1 (G(F g ), L(X)) where L(X) 
is a simple Gr(F g )-module. In order to understand how the corresponding algebraic group and 
Lie algebra cohomology are related to this computation we use the powerful filtration techniques 
developed by Lin and Nakano |LN| and extended more recently by Friedlander |Fri| using the idea 
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of Weil restriction. This approach enables us to employ knowledge about the geometry of the flag 
variety G/B, in particular, Andersen's famous results [And| on the socle of the sheaf cohomology 
group H 1 (G I B , C((j,)) for \i an arbitrary weight. 

With our machinery we are able to give a complete description of H 1 (G(F (? ), L(A)) when p > 2 
for $ = An, D n , p > 3 for $ = B n , C n , E 6 , E 7 , F 4 , G 2 , p > 5 for $ = E 8 , q > 3, and A 
is a fundamental dominant weight. Under certain additional mild restrictions we can improve 
these results to calculate this cohomology group when A is less than or equal to a fundamental 
dominant weight. In particular, we show under these restrictions that if A is less than or equal to 
a fundamental dominant weig ht, then dimH 1 (G(F g ),L(A)) < 10 One can view our results in the 
framework of Guralnick's conjecture on the size of the first cohomology group when the coefficient 
module is taken in a certain subcollection of simple modules. 

Our work extends the seminal results of Cline, Parshall and Scott [CPS1], of Jones | Jon] . and 
of Jones and Parshall [JPj . where they considered the special case that A is a minimal nonzero 
dominant weight. The computations in |CPS1] were used in Wiles' proof of Fermat's Last Theo- 
rem [Wil] to show that certain deformation spaces of modular forms and elliptic curves have the 
same dimension. Our work uses completely different methods than those in [CPS1| and may have 
connections and uses for other number theoretic questions. 

1.2. Main results. The main results of the paper are stated below. Let k be an algebraically 
closed field of characteristic p > 0, and let G be a simple, simply-connected algebraic group over 
k, which is defined over the field ¥ p and with associated root system <F Let r > 1 and set q = p r . 
For a complete explanation of notation, see Section [1.31 

Cline, Parshall, Scott and van der Kallen [CPSK1 Theorem 7.4] proved that the restriction map 
H^G^A)) -► H 1 (G(F g ),L(A)) is injective when A is a ^-restricted weight (i.e., A G X r (T)). Our 
first main result, proved in Section \A. 11 is that the restriction map is an isomorphism when A is less 
than or equal to a fundamental dominant weight, and when the prime p satisfies some fairly mild 
restrictions depending on the root system. 

Theorem 1.2.1. Assume that p > 2 when 3? = A n , D n , p > 3 when $ = B n , C n , E%, E 7 , F±, G 2 , 

and p > 5 when $ = E%. Suppose A < uj for some j. If q > 3, then the restriction map 

res : H 1 (G,L(A)) -> H 1 (G(F g ), L(A)) 

is an isomorphism. 

With this isomorphism we are able to compute the cohomology for G(F q ) with coefficients in a 
simple module having fundamental highest weight. 

Theorem 1.2.2. Assume that p > 2 when = A n , D n , p > 3 when $ = B n , C n , E%, E 7 , F±, G 2 , 
and p > 5 when $ = Eg. Suppose q > 3. Then H 1 (G(F g ), L(uij)) = except for the following cases: 

(a) $ has type C n , n > 3, (n + 1) = Y2i=o b%P i with < b{ < p and bt ^ 0, and A = ojj with 
j = 2bip l for some < i < t with hi ^ 0; 

(b) $ is of type Ey, p = 7 and j = 6. 

In both cases (a) and (b), we have H 1 (G(F g ), L(X)) = k. 

Theorem 11.2.21 is proved for the classical groups in Section [5l and for the exceptional groups in 
Section [6l Our techniques are also applicable to the case when the simple coefficient module has 
highest weight less than or equal to a fundamental dominant weight. To obtain complete results, 
we must enlarge the prime to p > 7 for the cases <!> = E 7 ,E 8 . 

Theorem 1.2.3. Let A G X(T)+ be such that A < ojj for some j. Assume that q > 3 and 

^Our techniques can also be employed to make calculations for larger dominant weights, provided that one either 
possesses more detailed information about the structure of the cohomology group H 1 (U\, L(\)), or that one imposes 
stronger restrictions on p and q. 
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p > 2 if & has type A n , D n ; 

p > 3 if <E> has type B n , C n , Eq, G2; and 

p > 7 if & has type E7 or Eg . 

Then H 1 (G(F g ), L(A)) = except for the following cases, in which H 1 (G(F g ), L(X)) = k 

(a) 3> has type C n , n > 3, (n + 1) = Y^i=o ^iP 1 with < b{ < p and bt 7^ 0, and A 
j = 2bip l for some < i < t with bi 7^ 0. 

(b) has type F^, p = 13, and A = 2CJ4. 

(c) $ has type E7, p = 19, and A = 2u\. 

(d) <J> has type p = 31, and A = 2ws. 

Theorem II .2.31 is proved in Section [6l 



1.3. Definitions and notation. Much of the notation used here for algebraic groups is standard 
and can be found in | Jan2| . Let k be an algebraically closed field of characteristic p > 2, and let 
G be a simple, simply-connected algebraic group over k. Let T C G be a maximal torus, defined 
and split over ¥ p , and let $ be the root system of T in G. Let A = {a±, . . . , a n } C $ be a set of 
simple roots in $, and let $ + and <1> _ be the corresponding systems of positive and negative roots 
in <F In this paper we use the ordering of the simple roots given in [H umlj . following Bourbaki. 
Let B C G be the Borel subgroup of G containing T that corresponds to <J>~, and let U C B be the 
unipotent radical of B. Write W for the Weyl group of and let wq be the longest element in W. 

Let E be the Euclidean space spanned by It possesses a VF-invariant inner product, denoted by 
(•, •). Given a € <3?, write q v = 2a/ (a, a) for the corresponding coroot. Let ao be the highest short 
root in and set p = \ X^ae<i>+ a - Then the Coxeter number associated to $ is h = (p, o/q ) + l. The 
weight lattice X(T) is the Z-span in E of the set of fundamental dominant weights {wi, . . . ,u> n }, 
which are defined by the equations (wj, aj) = 5ij (Kronecker delta). Given A G X(T) and ui € W, 
write A 1— > wA for the usual action of W on X(T), and write w ■ A = iu(A + p) — p for the dot 
action of on X(T). The weight lattice is partially ordered by the relation ^<AifA — /iisa 
nonnegative integral combination of simple roots. Write X{T) + for the set of dominant weights in 
X(T), and X r (T) for the set of ^/-restricted dominant weights in X(T) + . 

Let F : G — > G be the Frobenius morphism of G. For r > 1 and g = p r , set G(¥ q ) = G pr , the 
fixed-point subgroup of G under the r-th iterate F r : G — > G, and set G r = ker F r , the scheme- 
theoretic kernel of the map F r : G — >• G. For H C G a closed F-stable subgroup (scheme) of G, 
write H(¥ q ) = H pr and H r = ker(i ?r |^ : if — > H). Since T, B and J7 are closed F-stable subgroups 
of G, there are finite subgroups B(¥ q ), U(¥ q ), and T(¥ q ) of G(F g ), and the finite subgroup schemes 
B r , U r , and T r of G r . 

Set u = Lie(U), the Lie algebra of U. Then u is a p-restricted Lie algebra over k, and there 
exists a p-restricted Lie algebra up p over ¥ p , obtained via reduction mod p from a Chevalley basis 
for u, such that u = uf p <X>f p k. Set Uf q = up p ®p F ? . Let w(u) be the restricted enveloping 
algebra of u. Then u(u) is isomorphic to Dist(C/i), the algebra of distributions on the finite group 
scheme U\ [Jan2} 1.9.6(4)]. The category of [/i-modules is naturally equivalent to the category of 
Dist(fJi) = n(u)-modules |Jan2t 1.8.6]. Henceforth, given a it(u)-module (equivalently, a C/i-module) 
M, we often identify without further comment the spaces H*(u(u),M) and H'(Ui,M). 

Write mod(G) to denote the category of rational G-modules. Then any M € mod(G) is by 
restriction also a module for G(¥ q ), G r , U r , etc. Given A G X(T) + , let L(X) be the simple rational 
G-module of highest weight A. If A € X r (T), then L(X) remains simple upon restriction to G(¥ q ) 
and upon restriction to G r |Hum2l Theorems 2.5 and 2.11]. 
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2. AN ANALYSIS OF 1-COHOMOLOGY FOR ALGEBRAIC GROUPS, FINITE GROUPS, AND LlE 

ALGEBRAS 

Let M be a finite dimensional rational G-module. In this section we relate the first cohomology 
group H 1 (G(F q ), M) for G(¥ q ) to the corresponding cohomology groups for the algebraic groups G 
and U and the Frobenius kernel U\. When M = L{\) with A less than or equal to a fundamental 
dominant weight, we obtain a vanishing criterion for H 1 (G(F (J ),M) in terms of cohomology for U\. 
Throughout Section [21 we will assume that p is excellent for the root system (cf. [LN, Section 
1.4]), that is, p ^ 2 when = B n , C n , F4, and p > 3 in type G2. Note that p is excellent whenever 
the requirements on p stated in the main results are satisfied. 

2.1. Reduction to Sylow p-subgroups. The first step in establishing the relationship between 
the cohomology groups H (G(F 3 ),M) and H (Ux,M) is to consider a suitable subspace of the 
cohomology for the finite subgroup U(¥ q ) of G(¥ q ). Since U(¥ q ) is a Sylow p-subgroup of G(¥ q ), 
the restriction homomorphism H*(G(F 9 ),M) — > H*(U(¥ q ),M) is injective |Evel Proposition 4.2.2]. 
The torus T(¥ q ) acts on the groups G(¥ q ) and U(¥ q ) by conjugation, and the conjugation actions 
together with the defining action of T(¥ q ) on M induce actions of T(¥ q ) on ~H*(G(¥ q ),M) and 
~H* (U (¥ q ) , M) . The restriction map in cohomology is then a homomorphism of T(F g )-modules. For 
any group G' and any feG'-module N, the inner automorphisms of G' all induce the identity map on 
E*(G',N) [Evel Proposition 4.1.1]. Then T(¥ q ) acts trivally on H'(G(¥ q ), M), and the restriction 
homomorphism defines for each n > an injective map 

(2.1.1) H n (G(F 9 ),M) ^> R n {U(¥ q ),M) T ^\ 

2.2. Weil restriction. The next step in establishing the relationship between G(F g )-cohomology 
and Ci-cohomology is to relate cohomology for the finite group U(¥ q ) to cohomology for a suitable 
restricted Lie algebra. For this we need the Weil restriction functor constructed by Friedlander. 

Definition 2.2.1. [Frit Definition 1.4] Let r > 1 and set q = p r . Then the Weil restriction 
T^w q /w p ( u ¥ q ) of the F g -Lie algebra uf 9 is the F p -Lie algebra obtained by viewing the underlying 
F 9 -vector space of uf 9 as an F p -vector space, and by viewing the F g -bilinear bracket on uf 9 as an 
Fp-bilinear map on the underlying F p -vector space. The Weil restriction 7tw q /w p ( u F q ) is made a 
p-restricted Lie algebra by considering the p-restriction operator on uf 9 as a p-restriction operator 
on the underlying F p -vector space. 

Proposition 2.2.2. [Frit Proposition 1.7] Let r > 1 and set q = p r . Then T^¥ q /¥ p ( u w q ) ®w p k = u® r 
as p-restricted Lie algebras over k. 

Proof. Write uw q ®f p ¥ q = (uf p (8>f p ¥ q ) <S>f p ¥ q = uf p ®f p (¥ q ¥ q ). This identification is an 
isomorphism of p-Lie algebras, where the Lie bracket and p-operation on uf p <S>f p (¥ q <8>f p ¥ q ) are 
defined by [x ® a, y b] = [x, y] ® (ab) and (x ® a) ^ = ® a p . Here x, y E uf p and a, b E ¥ q ®f p ¥ q . 
Now ¥ q ®f p ¥ q = (F g ) xr as an F g -algebra. To see this, write F g = ¥ p [a] for some a G ¥ q , and 
let / E ¥ p [t] be the minimal polynomial of a over ¥ p , so deg(/) = r. Then ¥ q = ¥ p [t]/(f), and 
¥ q ® Fp ¥ q * ¥ q [t]/(f). But / splits over F„ so ¥ q [x}/(f) * (¥ q ) xr . Now 

U Fp ®F P (¥ q ® Fp ¥ q ) * U ¥p ® Fp (¥ q y r * (U ¥q f r 

as p-restricted Lie algebras over ¥ q . Extending scalars to k, one gets T^w q /w p ( u ¥ q ) ®F P k = u ffir . □ 

There exists a natural embedding t : uf p ^f 9 /f p ( u f 9 ) of F p -Lie algebras corresponding to the 
fact that uf p is naturally an F p -vector subspace of uf 9 . Explicitly, uf p identifies with the subspace 
iiF p ®f p 1 of uf p ®f p ¥ q = ^Fq/Fj,( u F 9 )- Extending scalars to k, one obtains an embedding 

t ®f p k : u = u Fp ®f p k — > 7^f 9 /f p (uf 9 ) ®f p k = u® r , 
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which is just the diagonal embedding of u into u® r . To see this, observe that an element x € uf p C u 
maps under i §Df p A; to a; <8>f p (1 <8>f p 1) £ Uf p !8>F P (F^ ®F P k) = TZ ¥q /Fp (u ¥q ) ® Fp , and 1 <8>f p 1 £ F g <g) Fp & 
is the sum of the r primitive orthogonal idempotents that yield the decomposition ¥ q ®f p k = k xr . 
There also exists a surjection TZ ¥q / ¥p (uf 9 ) <£>f p A; = u Fp <8> Fp (F 9 <g> Fp A;) -» u Fp ®f p = u induced by the 
natural multiplication map ¥ q ® Fp k — >• k. This surjection then identifies with the r-fold addition 
map u® r — » u. From now on, it will be convenient to denote the Weil restriction 1Z ¥q / ¥p (u ¥q ) simply 
by u ¥q . Then n(u F , <8> Fp k) = u(u® r ). 

The groups T(F p ) and T(¥ q ) act on u Fp and u Fg , respectively, by the adjoint action, and the 
embedding u Fp u ¥q is a homomorphism of T(F p )-modules. Upon scalar extension to k, the T(¥ p )- 
module homomorphism u Fp ^ u ¥q lifts to a T- module homomorphism u Fp <X> Fp k <-)■ u ¥q (g> Fp k, which 
under the identifications u Fp <8>f p k = u and u ¥q <S>f p k = u® r is just the usual adjoint action of T. 

2.3. The gr operation. Set A = kll(¥ q ), the group algebra over k of U(¥ q ), and let I C A 
be the augmentation ideal of A. Then the powers of / form a multiplicative filtration of A. Set 
gr^4 = (& i>0 (P / P +1 ), the associated graded ring. By |LN[ Theorem 2.3], gr A is isomorphic as a 
Hopf algebra to u(uf q <S>f p k). The isomorphism is a map of T(F g )-modules, where T(¥ q ) acts on 
U(¥ q ) by conjugation, and the action of T(¥ q ) on u(u ¥q (g>F p k) is the one described in Section [231 

Let M be a /cLT(F g )-module and define gr M = i>o Mi where Mi = P.M /I i+l .M. Then gr M is 
naturally a graded module for the graded algebra gr A = u(u ¥q ®f p k). We now follow the discussion 
in [PS1[ Section 2]. Let iV and Q be A;f7(F g )-modules, and let 

O^k^Q^N^O 

represent a non-split extension in Ext^ F ^(N,k), which means that Imcr C I.Q. Since gr takes 
surjections to surjections, we have by [PSlJ Section 2] an extension 

->■ k ^> gr Q -> gr N -> 0. 
The resulting extension is non-split because Imcr' C © i>0 Qi- Therefore, we get an injective map 

Ext^ (Fg) (iV,A;) 4 Ext* rA (griV,£;). 

If iV is also a -B(F g )-module then gr./V is a gryl x T(F g )-module and this map also induces an 
injection on the space of T(¥ q ) fixed points: 

(2.3.1) Ext^N^f^ 4 Ext^griV, kf^. 

2.4. Let A be as in the previous section. If M is a finite dimensional 5-module, then there 
exists a (weight) filtration, M = F°M D F l M D defined in [LNj Section 2.4], such that 
I n F' b M C F' L+n M. The associated graded module gr M is a gr^4-module. Note that gr M might 
not coincide with grM. However, in the cases we consider the two nitrations will give rise to the 
same module. 

We have an isomorphism of algebras gr A = u(u ¥q ® Fp k) = u(u® r ). If M is a rational l?-module, 
then the linear isomorphism M — > gr M is an isomorphism of u(u® r )-modules, where the action on 
gr M is given by gr A, and the action of u(u® r ) on M is the A>linear extension of the restriction of 
the rational action of U to u F(J regarded as a Lie algebra over F p (cf. |LN[ Proposition 2.4] and |Fri[ 
Theorem 4.3]). Put another way, u(u® r ) acts on M via the surjection u(u® r ) — » u(u) discussed in 
Section [2.21 composed with the natural action of u(u) on M. In particular, the normal subalgebra 
of ii(u® r ) that is isomorphic to u(u) and that corresponds to the first component of the direct sum 
u® r acts on M via the natural action of u(u) on M . 

We can now give via Lie algebra cohomology an upper bound for the dimension of H 1 (G(F g ), M) 
when M is in mod(G). 
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Theorem 2.4.1. Let M be a finite dimensional rational G-module. Then 

dimH 1 (G(F g ),M) < dim H 1 (u(u® r ), M) T{¥ «\ 

Proof. First observe that dimH 1 (G(F g ), M) < dimH 1 (C/(F g ), M) T< - ¥ ^ by (pXTT) . so we are left to 
show that dimH 1 (C/(Fg),M) T ( F 'j) < dimH 1 (u(u® r ), M) T{¥ "\ Also, recall that grvl is isomorphic 
as a Hopf algebra to u{uY q <S>f p k). The isomorphism is a map of T(F g )-modules, where T(¥ q ) acts 
on U(¥ q ) by conjugation, and the action of T(¥ q ) on u(uf 9 <8>f p k) is described in Section [2T2l 
From [LN|, Theorem 3.2] we get the May spectral sequence 

(2.4.1) = ff^(u(u® r ),M) (i) H^(tf(F,),M), 

where we are identifying gr A with it(u® r ) and M with gr M. The differentials of (|2.4.ip are T(¥ q )- 
module homomorphisms. The finite group T(¥ q ) = (¥ q ) n is semisimple over k, so the fixed point 
functor (-) T ( ¥ i) is exact. Then applying (-) T ( ¥ i) to (gXTJ , we obtain the new spectral sequence 

(2.4.2) = (H^'(n(u® r ), M) w ) T(Fg) H* + '"(17(F 9 ), L(A)) T ^ . 
Then H 1 (C/(F g ), M) T ( F ^ is a subquotient of H 1 (n(u® r ), M) T ( ¥ «\ In particular, 

dimH 1 (l7(Fg) J Af) T C p ») < dimH 1 Ku® r ),M) T ( F «). □ 
2.5. Let A be a G-module, and let T denote the following composition of maps: 

(2.5.1) Ext^jCJV.fc) ^ Ext^^A",*;)™ ^ Ext^fer N,kf^ Ext^ (gr A, k) T ^ 

For the last map we are identifying gr A with u(u® r ), and considering the map in cohomology 
induced by the inclusion of u(u) into the first component of u(u® r ) (i.e., induced by the inclusion 
of u into the first component of u® r ). We have also identified the cohomology groups for u(u) with 
those for U x [Jan2l 1.8.6, 1.9.6]. We will next prove that if A = L(A)* with A G X X (T), then the 
composition of maps (12.5. 11) fits into a commutative square of first cohomology groups. 

Theorem 2.5.1. Let A G X\(T). Then there exists a commutative diagram 

H 1 (G,L(A)) U\U,L{X)) T 

(2.5.2) res res 

H 1 (G(F 9 ),L(A)) H 1 (C/i,L(A)) T ( F «) 

where T is obtained by setting A = L(A)* in (|2.5.ip . Furthermore, if A < and g > 3, i/ien T is 
injeetive. 

Proof. First observe that if M is a rational l?-module such that M is generated as a u(u)-module 
by a highest weight vector, then grM = gf M as a u(u® r )-module. This can be seen by analyzing 
the action of root subgroups (as in the proof of |LN1 Proposition 2.4]) to show that the (weight) 
filtration coincides with the radical filtration on M. In particular, this applies when M = L(\) 
with A G Xl(T). 

The commutativity of the diagram reduces to proving that if 

-> k ->• Q A L(X) 

is a nonsplit extension of rational -B-modules, then the extension of gr ^4-modules 

-> fc -> grQ -> grL(A) -> 

is equivalent to the extension obtained via restriction (to uf 9 ) of u(u® r )-modules. 

Let <fi : Q —> L(X) be the map of .B-modules given above. Let <p\ : Q — > L(A) denote the 
restriction of <p by considering Q and £(A) as «(u® r )-modules, and let fa : g?Q gr-Z>(A) be the 
induced map of gr A- modules, which is also a surjection. By the preceding paragraph we have 
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gr Q = gr Q (because Q is generated by a highest weight vector, namely, the inverse image under 
of a highest weight vector in L(X), or else the sequence splits) and grL(A) = gr L(X). Let 
5i : Q — > grQ (resp. 62 : L(X) — > grL(A)) be the isomorphism described in the preceding section. 
By checking on weight spaces (cf. [LN1 Proposition 2.4]) one can show that we have a commutative 
diagram of gr j4-modules: 



q L(A) 



(2.5.3) <5i 



s 2 



grQ > grL(A). 

<P2 

This proves the equivalence of the extensions. 

Recall that T is a composition of maps. All the maps are injective except possibly the restriction 
map: 

res : H 1 (u(u ffir ), L(X)) T ^ ¥q ^ — > H 1 (n(u), L(X)) T ^ ¥q \ 

We shall prove that this map is injective under the assumption that A < ujj and q > 3. The 
statement clearly holds for r = 1, in which case res is the identity, so we can assume that r > 1. 

Consider now the Lyndon-Hochschild-Serre (LHS) spectral sequence for u{u^ q <8>f p k) = u(u® r ) 
and its normal subalgebra u(u) (i.e., the subalgebra corresponding to the first component of u® r ): 

E$ = ff(u(u ffi(r - 1) ),H J '(u(u),L(A))) =► H i+J '(u(u® r ),L(A)). 

As before, we can take T(F,y)-invariants to obtain a new spectral sequence with E^-page (E^)' 1 '^^ ■ 
Then the 5-term exact sequence of the new spectral sequence has initial terms 

Here (E°' 1 ) T( - ¥ ^ identifies with a subspace of H^ufu), L(X)) T ^"l 
It remains to show that (E2°) T ^ 9 ^ = 0. We have 

H°(u(u),L(A)) = Hom u(u) (£;,L(A)) 9* Hom^ (k, L(X)) w X 

as a T-module because A e Xi(T) [Jan2l II.3.12]. Then E\' ^ H^u®^ -1 )), fc) ® w X, where we 
have pulled out the weight wqX because it is trivial as a module for it(u®( r_1 )). Since ii(u®( r_1 )) = 
tt ( tt )®(r-i) j we have H , (u(u®( r_1 ^), A;) ^ H*(«(u), Ife)®^- 1 ) ^ H^tq, fc)®^ 1 ) by (MD Theorem 
X.7.4]. In particular, H 1 (u(u®( r_1 )), fe) 0^ H^Lq, k). Now (££ ) r ( F «) ^ only if there exists 
a weight /3 of T in H^lq, £;) such that j3 + w A 6 (q - 1)X(T). If /3 is a weight of T in H^Lq, jfe), 
then /3 € A by Lemma [3. 3. II below . But if /3 € A and A < Wj, then + ^ (q~ 1)X(T) whenever 
q > 3. Hence, (E^' ) 7 ^ 1 ^ = 0, and consequently F is injective. □ 

2.6. The injectivity of the map T allows us to state the following vanishing result that will be used 
throughout the paper. 

Corollary 2.6.1. Let L(X) be a simple G-module with X < uij and suppose q > 3. Then 

(a) dimH 1 (G(F 9 ),L(A)) < dimH^Lq, L(X)) T ^\ and 

(b) ifU 1 (U 1 ,L(\)) T PJ = 0, then H 1 (G(F (? ), L(A)) = 0. 

Remark 2.6.2. When A = 0, we have H 1 (G, k) = H 1 (i?, k) = H^GQF,), Jfe) = H^Lq, k) T( - v ^ = 0. 
Indeed H 1 (G, k) ^B 1 (B,k) = by [Jinll II.4.11]. By Lemma E3J] below, the weights of H^Lq, k) 
are simple roots, and none of these is T(F g )-invariant if q > 3. (The only T(F3)-invariant simple 
roots occur when <3? is of type A\ or .B2O The vanishing of H 1 (G(F (? ), &) now follows from Corollary 
IZlHT b). The vanishing of H 1 (G(F g ),/t) can also be proved directly by an argument using the 
Frattini subgroup. 
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Because of the above remark, we may henceforth restrict our attention to A 7^ 0. 

3. COHOMOLOGY FOR THE FROBENIUS KERNEL U\ 

In this section we study the cohomology group H 1 (L r i, L(A)) of Theorem 12. 5, 1[ Eventually we will 
specialize to the case where A is less than or equal to a fundamental dominant weight. Throughout 
this section, we maintain the standing assumption that p > 2. 

3.1. Weight spaces in the socle of U\ cohomology. Given A G A(T), set A* = —wqX- Observe 
that the involution A 1 — > A* restricts to involutions on A and X\(T). In particular, if A G X\{T) 
is less than or equal to a fundamental dominant weight, then so is A*. Also, Ext^(L(A),fc) 9i 
Ext^(A;,L(A*)) = H x (Lq, L(A*)), so understanding the T(F ? )-invariants in Ext^(L(A), k) will 
enable us to apply Theorem 12.5.11 to study cohomology for G(¥ q ). Our first step is to analyze 
the socle of Ext^(L(A), k) as aB/f/^ (U/Ux) X T-module. 

Every simple rational -B/Lq-module is one-dimensional of T- weight — /i — pi/ for some /i G Ai(T) 
and some v G A(T). The dimension of the (— \i — pi/)-isotypic component in the socle of a ra- 
tional -B/Lq-module M is equal to dimHom^/j/^— p — pu,M). Then to compute the socle of 
Ext^ /i (L(A), k) as a B/U\ -module, it suffices to consider, for ji G X\{T) and v G X(T), the dimen- 
sions of the Horn-spaces 

Hom B/[/l (-/i - pu, Ext^ (L(A), k)) Hom B/[/l (k, Ext^ (L(A), k) g> (/i + pi/)) 

= Hom B/f/l (fc, Ext^ (L(A),/j + pi/)) 
( " ' Hom B/Bl (fc, Hom Tl (fc, Ext^ (L(A), // + pi/))) 

Hom B/Bl (fc, Ext^(L(A), /x + pi/)). 

Here we have used the fact that T\ = B\/U\ is a normal subgroup scheme in B/U\ with quotient 
B jB\. The last isomorphism follows by applying the LHS spectral sequence for the group extension 
1— > Ux Bx — >Tx — > 1 and using the fact that modules over T\ = B\/U\ are completely reducible. 

Lemma 3.1.1. Suppose p > 2. Let A,/i G Xi(T), and let v G X(T). Then 

tt / Pfl /r/u t n~l Ext B( L W./'+H 

Hom B/t/ (-/• - pi/, Exty (L(A), fc)) = <^ 

[0 tf\ = fJ,. 

Proof. First suppose that A = /1. Since B\ acts trivially on pi/, one has 

Ext^ (L(A), A + pv) ^ Ext^(L(A),A) <g>pi/ = 

by [And, Theorem 3.4]. Then Homg/f/^-jU — pi/, Ext^(L(A), A;)) = by (13.1.11) . So assume that 
A //j, and consider the LHS spectral sequence 

E^ = Ext 4 B/Bi (k, Ext j Bi (L(A),/i + pi/)) Ext 4 B +J '(L(A), p + pi/). 

It gives rise to the 5-term exact sequence 

(3.1.2) -»• E^' -»• Ext^(L(A),yu +pi/) -> E^' 1 -> E 2 2 fi -> 73 2 . 

One has Horn^ (L(A), p+pi/) = Hom^ (L(A), /i) (2) pi/ = because A 7^ /i. (Since A, p G Ai(T), any 
homomorphism must map the highest weight space L(A)a to zero because A and p are not congruent 
modulo pX(T), and L(A) is generated as a Lq-module by its highest weight space |Jan2} II. 3. 14].) 
Then E^° = E^f = 0, and Hom B/c/l (-//, -pv, Ext^(L(A), k)) ^ E^' 1 S Ext^(L(A), // +pi/). □ 
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Remark 3.1.2. One may have Ext#(.L(A), fi+pu) 7^ but Hoing/j^ (— fi — pu, Ext^ (L(\), k)) = 0. 
Indeed, let A = fi G X±(T), let a G A, and take v = —a. Then Ext^(X(A), /i +pu) = as in the 
proof of the lemma, so in (pTX2j) one has E°' = 0. Then ^ = Ext^(L(X), fi + pu). Now 

S 2 1,0 ^Ext^ /Bi (A;,HomB 1 (L(A),A) ®pz;) 

= Ext^ Bi (k,pu) because Hom^^I^A), A) = k, 

^ Ext^(A;, -a) = A; by [Xndl Corollary 2.4]. 

Corollary 3.1.3. Suppose p > 2, and let A G Ali(T). T/ien i/ie restriction map 
Ext^ (L(A), /c) T ^ F,J ^ is an injection. 

Proof. If A = 0, then Ext^(L(A), k) = by Remark[M2l so assume A 7^ 0. By the proof of Lemma 
I5XT1 (with ft = u = 0), we have Ext^(L(A), fe) 9* Ext^ (L(A), k) B l Ul C Ext^ (L(A), fc) T ( F ?). □ 

3.2. Structure of the socle. We can now describe the socle of Ext— (L(X), k) as a -B/C/i-module. 
Given weights X, fi € AT(T), write A f /j, for the order relation on X{T) defined in fJan2, II. 6. 4]. 

Theorem 3.2.1. Suppose p > 2, and let A € X\(T). Then 

socB/^Ext^A),*;)^ -s a -X® (-af m °, 

(A,a v )^p-1 ^eX(T)+ 

where m a = dimExt(j(L(A), -H"°(o")). 

Proof. Let p G Xi(T) with fi 7^ A, and let z/ G X(T). Then by Lemma 13.1-H the simple summands 
in socg/^ Ext— 1 (L(A), A;) have the form —fi—pu, and occur with multiplicity dimExt^(L(A), fi+pu). 
So suppose —fi—pu occurs as a summand in socg/^ Ext- 1 (L(A), A;). First suppose fi+pu G X(T)+, 
so also f G X{T) + . Then by Kempf's vanishing theorem [Jan2^ II. 4. 5] and |Jan2} 1.4.5], 

Ext^(L(A), fi + pu) Ext^(L(A), #°(^ + pu)). 

This space is non-zero by assumption, so fi + pu f A by [Jan2, II. 6. 20]. Conversely, let cr G X(T) + 
with cr t A. Then cr < A. If cr = A, then m a = by |Jan2} II. 6. 20], so assume that a 7^ A. Write 
a = fi + pu with [A G ATi(T) and z/ G AT(T)+. If A = fi, we would have A + pu < A, and hence 
pu < 0, a contradiction, because 7^ pz; G X(T)_|_ and every dominant weight is a positive rational 
combination of simple roots. Thus, we conclude for all a G X(T)+ with a f A that — cr occurs as a 
summand in socb/Ui Ext- (L(A), A;) with multiplicity m a . 

Now suppose that fi+pu ^ AT(T) + , Then from the first case of |Andl Proposition 2.3] we conclude 
that [i + pu = s a ■ A for some a G A, and that dimExt^(L(A), s a ■ A) = 1. Observe that the second 
case of the cited proposition cannot occur here because, by assumption, /i,A G Xi(T) and /u / A. 
If p + pz; = s Q ■ A and it / A, then necessarily (A, a v ) 7^ p — 1. Conversely, if (A, a v ) 7^ p — 1, then 
s Q • A has the form fi + pu with G ATi(T), u G X(T), and /i 7^ A. Thus, we conclude for all a G A 
with (A, a v ) 7^ p — 1 that — s a • A occurs once as a summand in soc^/^ Ext^ (L(A), k). □ 

Corollary 3.2.2. Suppose p > 3 if § is of type Ej, Eg, or F4, andp > 2 otherwise. Let A G X (T) + 
wrai/i A < o;j /or some j. Then 

soc BM Ext^(L(A),A;)-0- Sa .Ae {-af m % 

CtgA crfA 

Proof. One can verify from the lists in Section [7.11 that for all a G A, (A, a v ) 7^ p — 1. □ 
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It is interesting to note that the contribution to the socle of Exty (L(A), k) comes from two 
sources. The factors in the first direct summand seem to come from Kostant's classical theo- 
rem for the cohomology of complex semisimple Lie algebras, while for p large, the multiplicities 
dimEx.t 1 G (L(X),H°(a)) of the other factors arise as coefficients of Kazhdan-Lusztig polynomials. 
In the special case when the Weyl module V(A) is simple, we obtain the following corollary. 

Corollary 3.2.3. Suppose p > 2 and A G Xi(T). If L(X) = V(X), then 

socb/U! Ext^(L(A), k) = £f3 ~ s a ■ A. 

Proof. Apply the vanishing result Ext^(V(A), H°(a)) = of [Jan2l II.4.13] to Corollary [3JL2J □ 

3.3. Constraints on weights. Next we examine the structure of M := Extjj i (L(X), k) as a B/U\- 
module. We are interested in cases for which the socle of M is equal to the entire module. 

Lemma 3.3.1. Let V be a finite dimensional rational B-module. Let /x be a weight of T in 
Ext^ /i (y, k) = H 1 (L r i,y*). Then fj, = f3 — u for some (3 G A and some weight v ofV. 

Proof. First, if [i is a weight of T in H 1 (t/'i, V*), then ji is also a weight of T in H 1 (C/i, k) (g) V* 
by the argument in |UGA[ §2.5]. Also, the weights of V* are precisely {— v : V v ^ 0}. Next, write 
Dist(C/i)_|_ for the augmentation ideal of the algebra Dist(?7i). By inspecting the low degree terms in 
the cobar resolution computing H*([/i, k) = H*(Dist(C/i), k), one sees that H 1 (6 r i, k) is a T-module 
subquotient of the space Homfc(Dist([/i) + /(Dist([/i) + ) 2 , k). The T-weights of the latter space are 
precisely the simple roots in A. □ 

For any \x G X(T), consider the injective hull I(n) of /i in the category of rational -B/Lq-modules. 
Set Q = © aeA I(-s a • A) © CTfA I(-a)® m °. We have soc B/c/l M = soc B/Ul Q by Corollary [3X21 
so there exists an injection M «— )■ Q. To show that socg/j^ M = M, it suffices to show that no 
weight from the second socle layer of Q can be a weight of M. (Recall that the second socle layer of 
Q is defined as socb/uAQ / soc b/Ui Q)-) For /x G X, one has I(/j,) = k\U/U\] <g) /i as a B /[/i-module 
by [Jan2l 1.3.11], where k\U/U\] denotes the coordinate ring of the unipotent group U/U\. 

Lemma 3.3.2. The second socle layer of the B /U\-module 1(h) consists of one- dimensional mod- 
ules of the form [i + p m ~f with 7 € A and m > 0. 

Proof. It suffices to describe the second socle layer of the -B/cq-module 1(0) = k[U/U\]. Let 

-»■ k 4 7(0) ^ h -»• J 2 -)■ • • • 

be a minimal injective resolution of the -B/C/i-module k. Then socii = soc(/(0)/ soc/(0)). Also, 
for all v G X(T) and all % > 0, one has Hom B/f/l (i/, I;) ^ Ext 4 s/f/i (u, k) ^ H^B/E/i, -1/). In partic- 
ular, the weight u occurs in the second socle layer of 1(0) with multiplicity dim Horn^/^ (1/, I\) = 
dimH 1 (B/C/i, — v). Now consider the LHS spectral sequence 

E$ = W(B/U U W(U U -v)) =► rT +J '(5, -i/). 

It gives rise to the 5-term exact sequence 

-> H^B/lq, -1/) -> H X (S, -1/) -»• e"' 1 -»• ^2'° -»• ^2- 

By [Andl Corollary 2.4], H 1 ^, -i/) = unless v = p m 7 for some 7 G A and some m > 0. Then the 
weight f occurs in the second socle layer of 1(0) only if v = p mr y for some 7 G A and some m > 0. 
But the weig hts of T in 1(0) ^ fc[I7/£7i] = are all divisible by p, so if v = p m j occurs in the 

second socle layer of 1(0), then necessarily m > 0. □ 
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Set Qkos = © a£ A I(~ s a ' A), a submodule of Q. By Lemmas 13.3. II and 13.3.21 if the second socle 
layer of Qkos contains a vector of the same weight as a vector in M, then —s a ■ A + p m ^f = f3 — v 
for some a., j3, 7 G A, some m > 0, and some weight v of L(A). Equivalently, 

(3.3.1) X-v = -(3 + (X + p,a s/ )a+p m j. 

Since v < A, the right-hand-side of (|3.3,ip must be an element of N$ + . Since a, (3, 7 are simple 
roots, this implies that f3 G {a, 7}. 

Given J C A, let Hj(X) be the induced module of highest weight A for the standard Levi 
subgroup Lj of G; see |Jan2l II. 5. 21]. Then 

(3-3.2) H°j(X) = ff°(A) A _* 

by [Jan2[ II. 5. 21]. Suppose equation (13.3. ip holds. Then 

(3.3.3) u = X-[-(3 + (X + p,a v )a+p m 1 ]. 

Since v is a weight of L(X), and hence also of H°(X), we conclude from (|3.3.2p that v must be a 
weight of Hj(X) for some J C A with |J| < 2. 

Now set Qkl = ©o-fA ^( — cr ) em<T • As before, if the second socle layer of Qkl contains a vector 
of the same weight as a vector in M, then 

(3.3.4) - a + p m j = (3 - v 

for some dominant weight a G X(T)+ with a t A, some 7, /3 G A, some integer m > 0, and some 
weight 1^ of L(A). Taking the inner product with the dual root 7 V , we get 

(3-3.5) (-^, 7 V ) + ( CT ,7 V ) =P m (7,7 V ) " (/?,7 V ) = 2p m - (/?, 7 V ), 

and hence 

(3-3.6) (_ l/)7 v ) + (fJ)7 v ) > 2p m_ 2 . 

3.4. Semisimplicity of U\ cohomology. We can now give conditions under which the Ext-group 
Ext^ /i (L(A), k) is semisimple as a -B/t/i-module, that is, Extj /l (L(A), k) = socb/u-l Ext^ (L(X), k). 

Theorem 3.4.1. Let X G X{T) + with X < uij for some fundamental weight ujj. Assume that 

p > 2 if ® has type A n , D n ; 
p > 3 if $ has type B n , C n , E 6 , E 7 , F 4 ; 
p > 5 i/ $ has type Eg or G2 ■ 

Then as a B /U\-module, 

Ext^(L(A), k) = soc B/Ul Ext^(L(A), k) = -s a • A © 0(- <J )® m % 

QGA crfA 

where m a = dim Ext^.(L(A), H°(a)). 

Proof. We show that no weight in the second socle layer of Q = Qkos © Qkl can be a weight of 
M. First suppose that a weight from the second socle layer of Qkos is a weight of M. Then by the 
discussion in Section [3731, there exists a subset J = {a,/3,7} C A with \ J\ < 2, an integer m > 0, 
and a weight ^ of Hj(X) such that A — v = — /3 + (A + p, a v )a +p m ^/. In Section [7.21 we consider 
the restriction of A to all root subsystems of <I> of rank < 2, and in each case compute all possible 
values for A — v. An elementary case- by-case analysis shows that, under the stated restrictions on 
p, the equation A — v = — j3 + (A + p, a v )a +p m ^ has no solutions, so no weight in the second socle 
layer of Qkos can be a weight of M . 

Now suppose that a weight from the second socle layer of Qkl is a weight of M. Note that 
Qkl = {0} in types A n and D n by Corollary 13.2.31 because in these types A < Uj implies A = cjj 
for some i, and L(ui) = V{bJi) (cf. Section I57T1) . So we may assume that $ is not type A n or D n . 
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Then by (|3.3.4p . there exist simple roots /3,7 G A, a dominant weight a G X(T) + with a | A, an 
integer m > 0, and a weight ^ of £(A) such that —a + p m ^ = f3 — v. Assume for the moment that 
$ is not of type E%. Then by (|3.3.6p and the stated assumption on p, 

(3.4.1) (_ z/)7 v ) + (CT)7 v ) > 8 _ 

Since a f A implies a < A, one gets (<r, 7 V ) € {0, 1, 2, 3} from the list of possible values for a in the 
Appendix (Section l7.ip . Then necessarily (— is, 7 V ) > 5. 

Choose w G W such that 5 := wj is dominant (so 5 will be either the highest short root or the 
highest long root). Then, recalling that A* = —wqX and —WQUJj = cjj for some i, 

(3.4.2) (— v, 7 V ) = (—wu,wj y ) = (— ww, 5 V ) < (— u>oA,5 v ) < (— woUj,a v ) = (wj,5 v ), 

which is strictly less than 5, and leads to a contradiction. Finally, suppose <3? is of type Es with p > 5. 
Then the previous argument leads to a contradiction, because (|3.4.ip becomes (— v, 7 V ) + (a, 7 V ) > 
12, whereas we still have (<r, 7 V ) < 3, and (I3.4.2P demonstrates that (— v, 7 V ) < 6. □ 

4. Applications 

4.1. An isomorphism with G cohomology. The results of Section [3] enable us to give conditions 
under which the restriction map H 1 (G, L(A)) — > H 1 (G(F g ), L(X)) is an isomorphism, and hence 
allow us to prove Theorem 11.2.11 For the sake of smoothness of exposition, we handle the case of 
$ of type Gi first as a separate result, because some subtleties arise there when treating the case 
p = 5. Our proof of Theorem 11.2.11 for type G 2 also establishes Theorems 11.2.21 and 11.2.31 for G2. 

Theorem 4.1.1. Suppose p > 3, $ is of type G 2 , and A < ujj. Then 

(a) res : H 1 (G, L(A)) —> H 1 (G(F g ), L(A)) is an isomorphism; 

(b) H 1 (G, L(X)) = H 1 (G(F 9 ),L(A)) = 

Proof. First note that part (b) implies part (a), so we will prove part (b). When A < ujj, we have 
L(A) = H°(X) [JanTl §4.6]. Therefore, H^G^A)) = [Jan2l II.4.13]. From Theorem [23ZEJ we 
have an injective map from H 1 (G(F (? ), L(X)) ^ H 1 (J7i, L(X)) T ( Fq \ According to Theorem 13.4.11 and 
Corollary 13.2.31 we have for p > 5, 

H^C/i, L(A)) * Ext^(L(-^ A), k) = -s a ■ (-w X) = -s a ■ A. 

We observe that the proof of Theorem 13.4.11 also works in the case when p > 3 and A G {0,u;i}. 
Now for p > 3, a G A, and A G {0,oji,uj 2 }, the weight — s a • X is not divisible by q — 1. Thus, for 
p > 3 and A G {0,wi}, and for p > 5 and A = u 2 , w e have H 1 (G(F g ), L(A)) = H^C/i, L(A)) T ( F ^ = 0. 

We now consider the case p = 5 and A = il>2. By [Jan2, 1.9.19], there exists an injective map from 
H 1 (L r i, L(oj2)) into the ordinary Lie algebra cohomology group H 1 (u, L(uj 2 )). Taking T(F g )-fixed 
points yields an injection H 1 ^, L{uj 2 )) T{¥q) H^u, L(uj 2 )) T(¥q) . Next observe that H 1 (u,L(a; 2 )) 
is a T-subquotient of H^u, A;) <g> L(uj 2 ) — ( u /[ u > u ])* ® -^(^2) (cf. the proof of |UGA1 Proposition 
2.5.1]). The weights of (u/[u, u])* are a\ and a 2 , and the module L(uj 2 ) is the adjoint representation. 
Then when p = 5, one can show that the only T(F q )-invariants in (u/[u, u])* ® L{u 2 ) are the T- 
invariants, and hence that H 1 (u, L(u} 2 )) T ( ¥q } = H x (u, L(u> 2 )) T . 

Suppose H 1 (u,L(w 2 )) T ^ 0. Then by [UGAl Theorem 2.4.1], there exist w G W and v G X(T) 
such that — w; • (—^0^2) + 5f = —w ■ u 2 + hu = 0. Then (u; • W2 ; /3 V ) G 5Z for all /3 G Observe 
that (w ■ w 2 ,/3 v ) = (wa + P,^ _1 /? v ) - (p,/3 v ) G 5Z. Set /3 = a - Then /3 V = 2c# + 3t#. This 
implies that (co 2 + p, w _1 Oq) G 5Z. But this is a contradiction, because the possibilities for w^Oq 
are {±(20^ + 3^), ±a^ , ±(«i + 3«2 )}> an d none of these have inner product with u>2 + p that is 
divisible by 5. So R 1 (u, L(uj 2 )) t = 0, and hence H 1 (G(F g ), L(o; 2 )) = 0. □ 

We now prove Theorem 11.2.11 for the remaining Lie types. 
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Proof of Theorem \1. 2. 1\ The case when <3? is of type G2 is handled by Theorem 14. 1.1 1 so we assume 
for the remainder of the proof that <3? is not of type G2 . By Remark 12.6.21 we may also assume 
A / 0. By Theorem E3U 

H 1 (?7i, L(A)) - Extl Il (L(X*),k) = -s a ■ A* 0(-<x)®"\ 

ft£A crtA* 

where m a = dimExt^(L(A*), H°(a)). Note that A* = —wqX is again dominant and less than or 
equal to a fundamental dominant weight. Consider —s a ■ A* = —A* + (A* + p, a v )a. Consulting the 
lists, provided in Section 17.11 of dominant weights less than or equal to a fundamental dominant 
weight, and using the Cartan matrix to rewrite a as a sum of fundamental dominant weights, one 
can check that the coefficients of — s a ■ A* are not all divisible by q — 1 when q > 3, and hence that 
the weight — s a ■ A* does not contribute to the T(F g )-invariants in H 1 ([/i, L(A)). Consequently, 

R 1 (U 1 ,L(X)) T ^ = 0[(-<x)®^] T ( F «). 

Now observe that since A* is less than or equal to a fundamental dominant weight, the only weight 
a £ X(T) + satisfying a < A* that gives a T(F g )-invariant in H (Ui, L(X)) is the zero weight. Then 
dimH 1 (i7i,L(A)) T ( F «) = m = dimH 1 ( G, L(X )). 

Consider the commutative diagram (|2.5.2p . The top restriction map factors as H 1 (G,L(A)) -> 
H 1 ^,^)) -)■ H 1 ([/,L(A)) T , and both of these maps are well-known isomorphisms [Jan21 1.6.9, 
II. 4. 7]. Composing the second of these with the right vertical restriction map in (|2.5.2p gives the 
restriction H 1 (B,L(A)) H 1 ^, L(X)) T( - ¥ «\ which (by dualizing Corollary [3X3]) is an injection. 
Therefore, the composite restriction H 1 (G,L(A)) H 1 ([/,L(A)) T -)■ ^(Ux, L(X)) T ( ¥ ^ is injective. 
But the first and last spaces have the same dimension, mo, so the composition is an isomorphism. 
Therefore the bottom map V in (|2.5.2I) is surjective. But by Theorem 12.5.11 T is injective, so 
it is an isomorphism. Finally, we conclude that the left vertical restriction map H 1 (G ! , L(A)) — >• 
H 1 (G(Fq), L(X)) must also be an isomorphism. □ 

Remark 4.1.2. We note that there are examples for which H 1 ({7i, L(ojj)) T ^ p ^ ^ but for which 
H 1 (G(F p ), L(uj)) = 0. For example, suppose $ has type A n , n > 2, j = 2, and p = 3. Then 
G(¥ p ) = SX n+ i(F3). For i ^ j, —s ai • ujj = —LUj + a,. Also, «i = 2u)i — u^. Then — s ai ■ 0J2 = 
2uj\ — 2u}2 = (p — l)(^i — CJ2), which yields a T(F3)-invariant in H (U±, L(uj2))- On the other hand, 
H 1 (G(F 3 ),L(w 2 )) = by [Jonl Proposition 8.5]. So the condition q > 3 is essential in type A n . 

4.2. Vanishing conditions. Theorem 1 1 . 2 . 1 1 lets us reduce the problem of computing the cohomol- 
ogy group H 1 (G(F g ), L{X)) for the finite group G(¥ q ) to the problem of computing the corresponding 
cohomology group for the full algebraic group G, where results are typically easier to obtain. In 
particular, we can apply the Linkage Principle for G as well as standard facts on induced and Weyl 
modules for G to deduce conditions under which the cohomology group H 1 (G(F g ), L(A)) vanishes. 

Theorem 4.2.1. A ssuTtie that p !> 2 when $ is of type A n or D n , p > 5 when $ is of type E$, and 
p > 3 in all other cases. Assume that q > 3. Let X € X(T)+ with X < ujj for some fundamental 
dominant weight ooj. Then H 1 (G(F g ), L(A)) = if either L(X) = H°(X) or if X is not linked to zero 
under the dot action of the affine Weyl group W p . 

Proof. By Theorem 11.2.11 the restriction map H 1 (G, L(A)) — > H 1 (G(F g ), L(A)) is an isomorphism. 
If L(X) = H°{X), then W(G,L(X)) = Ext^(F(0), H°(X)) = for all i > 1 by [Jaa2l II.4.13]. If 
A is not linked to zero under the dot action of the affine Weyl group W p , then neither is A*, and 
FF'(G, L(A)) ^ Ext^(L(A*), H°(0)) = for alH > by [Ja7i2l II.6.20]. □ 
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4.3. 1975 CPS result. Recall that a non-zero weight A is called minuscule if for all a 6 <E>, 
(A, a v ) £ {—1,0, 1}. A list of the dominant minuscule weights for each indecomposable root system 
is given in Table [TJ Note that the minuscule weights are all fundamental dominant weights, and 
are not elements of the root lattice, as can be seen by comparing the list in Table Q] with the data 
in [Humll Table 13.1]. 



Type Minuscule Weights 





<^h (1 < i < n) 


B n 




C n 




D n 


Wl, LO n -l,U) n 


Eq 




Ej 


UJJ 


E% 


none 


Fa 


none 


G 2 


none 



Table 1. List of minuscule weights. 



We now recover results of Cline, Parshall and Scott [CPSlj for minuscule highest weights. 

Corollary 4.3.1. Assume that p > 2 when $ is of type A n or D n , p > 5 when $ is of type Eg, and 
p > 3 in all other cases. Assume also that q > 3. Let Uj be a minuscule dominant weight. Then 

R 1 (G(¥ q ),L(u Jj )) = 0. 

Proof. As u)j is not an element of the root lattice Z$, it cannot be linked to zero under the dot 
action of the affine Weyl group W p . Now apply Theorem 14.2.11 □ 

5. Results for Classical Groups 

5.1. Types A n , B n , D n . For the classical groups, the condition A < u)j implies that A = or that 
A = Ui for some 1 < i < j. We proceed to verify Theorems 11.2.21 and 11.2.31 for the classical groups. 
For types A n , B n , and D n , if p > 2 then L(X) = H°(X) = V(X) by [Jin2l II.8.21]. Then under the 
hypotheses of Theorems [122] and EDA H 1 (G(F (? ), L(A)) = by Theorem H2ZD 

5.2. Non-vanishing in type C n . Assume that <3? has type C n with n > 3. As noted in the 
Appendix, A < implies that A = ujj for some < j < i (where cjq := 0). Kleshchev and Sheth 



[KSll [KS2] , using results of Adamovitch on the submodule structure of the Weyl modules F (in- 
completely determine the structure H 1 (G, L(ujj)). We formulate their result as follows. 



Theorem 5.2.1 (Kleshchev-Sheth) . Let $ be of type C n with n > 3 and p > 2. Write n + 1 
fro + °\P + • • • + btp 1 with < b{ < p and bt / 0. Then 



^{G,L{uj)) 



if j = 2bip % for some < i < t with bi ^ 0, 
otherwise. 



Proof. By |KS2|, Corollary 3.6(h)], H 1 (G, L(ojj)) is isomorphic to either or k, and is isomorphic 
to k under precisely the following conditions: n + 1 — j = a$ + a±p + • • • + a s p s where < dj < p, 
and j = 2(p — a^p 1 for some i such that ai > and either aj + i < p — 1 or j < 2p t+1 . But if 
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j = 2(p — ai)p l and o« > 0, then j = 2p t+1 — 2aip l < 2p l+1 , so the "either. . . or. . . " condition is 
always true and thus superfluous. Writing j = (p — 2ai)p l + p l+1 , we have 

n + 1 = an + . . . + a-ip 1 + a i+ ip t+1 H h a s p s 

+ (p - 2a t )p l + p t+1 
= a + ... + (p- ai)p l + (o i+ i + l)p i+1 H h a s p s . 

This has the form given in the statement of the theorem, with < bi = p — Oj < p, j = 2bip l , and 
at least one nonzero term beyond bip % in the p-adic expansion of n + 1. □ 

Combining Theorem 15.2.11 with Theorem 1 1 . 2 . 1 1 we obtain: 

Corollary 5.2.2. Let <1> be of type C n with n > 3 and p > 3. Write n + 1 = bo + &ip + • • • + btp 1 
with < bi < p and bt ^ 0. Let A G X(T) + with A < cjj for some j. Then 



YL\G{¥ q ),L{\)) 



k if A = iOj , j = 26jj** /or some < i < t with bi ^ 0, 
otherwise. 



The vanishing of H 1 (G(F (? ), L(ojj)) for j odd and p > 3 can also be seen from Theorem 14.2.11 
since for odd j the fundamental weight Uj is not in the root lattice, hence is not linked to zero 
under the dot action of the affine Weyl group W p . 

6. Results for Exceptional Groups 

6.1. Large prime vanishing. The results of Section 0] completely compute H 1 (G(F g ), L(X)) when 
the underlying root system $ is of classical type, when p > 3 (or p > 2 and q > 3 for types A n 
and D n ), and when A is less than or equal to a fundamental dominant weight. For the exceptional 
types a number of open cases remain. The following lemma narrows down the list of remaining 
open cases to only finitely many values of p. 

Lemma 6.1.1. Let A G X(T) + with A < ojj for some fundamental dominant weight ojj. Set 
h\ = (\,aQ), and suppose p>max{h + h\ — l,h\ + 4}. Then H 1 (G(F g ), L(X)) = 0. 

Proof. By Corollary EXU it suffices to show that H 1 ^, L(A)) T(F ^ = 0. We will show that the 
possibly larger space H 1 (C/i, L(A)) T ( Fp ) is zero. 

By Lemma 13.3.11 the weights of H 1 (C/i,L(A)) have the form j3 + v for some /3 G A and some 
weight v of L(X). The weight /3 + v contributes to the T(F p )-invariants of H 1 (L r i,L(A)) only if 
P + v = (p — l)/i for some fx G X(T). So suppose /3 + ^ = (p — 1)^. Choose y £ W such that 
y// G X{T) + . Then y/3 G $ and yi^ is a weight of L(X). If /x ^ 0, then 

P - 1 < (p - l)(y/i, a^) = a^) + (yu, a%) < 2 + (A, a^) = 2 + h x 

if $ does not have type G%, and p — 1 < 3 + h\ if does have type Gi- In either case, the inequality 
contradicts the assumption p > max{/i + /ia — 1, h\ + 4} (recall that h = 6 in type G2), so we must 
have fi = 0. This implies that B 1 (U 1 ,L(X)) T ^ = H 1 ^, L(A)) T . 

Set u = Lie(C/). By [FP1 Proposition 1.1], there exists a spectral sequence of i?-modules satisfying 

Ef j = S*(u*)W ®H''(u,L(A)) H 2i +^C/i,L(A)), 

with E^' = if i is odd. Then H 1 (L r i,L(A)) is a T-module subquotient of H 1 (u,L(A)). We claim 
that H^u, L(A)) T = 0. The assumption p>h + h\-l implies for all /3 G <3? + that (A + p, /3 V ) < p. 
Then by |UGA1 Theorem 4.2.1], the weights of T in H^u, L(X)) are precisely {— s a ■ X* : a G A}@ 



2 The introduction to the paper [UGA] states that the Borel subgroup B and its unipotent radical U should 
correspond to the set of negative roots in $. However, for the theorems to be correctly stated these groups and 
the Lie algebra u = Lie((7) should correspond the set of positive roots in The weights we have listed here for 
H (u, L(X)) are the correct weights when the Lie algebra u corresponds to the set of negative roots in <E>. 
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The weight A* = —wqX is again a dominant weight less than or equal to a fundamental dominant 
weight. Now one checks for all a G A that — s a • A* 7^ 0, and hence H 1 (u, L(X)) T = 0. So then also 
R l (Ui,L(X)) T ^ = K 1 (U 1 ,L(X)) T = 0. □ 



6.2. Small prime vanishing. We now handle many of the smaller values for p not covered by 
Lemma 16. 1.11 

Proposition 6.2.1. Let X G X(T) + with X < ojj for some j. Suppose that 3 < p < 31, 3? is of 

exceptional type, and p does not equal one of the primes listed next to X in the Hasse diagram for 
$ appearing in Section \7. 1\ If $ = Eg, assume also that p > 5. Then H 1 (G(F g ), L(X)) = 0. The 
conclusion H 1 (G(F g ), L(X)) = also holds if p = 7, $ = E$, and X = W3. 

Proof. If 3 < p < 31 and p does not equal one of the primes listed next to A in the Hasse diagram 
for <3?, then A is not linked to zero under the dot action of the affine Weyl group W p . If p = 7, 
$ = E 8 , and A = cjg, then L(X) = H°(X) by [JanTl §4.6]. In any case, H 1 (G(F (? ), L(A)) = by 
Theorem EOZD □ 

When <3? is of exceptional type, the largest possible value for h + h\ — 1 in Lemma 16.1.11 is 35, 
which occurs for type E% when 3cjg < A < W4. Thus Lemma 16.1.11 and Proposition 16.2.11 show that 
the only cases of Theorems 11.2.21 and 11.2.31 which we have not thus far explicitly calculated are 
H 1 (G(F g ), L(A)) when the underlying root system is of exceptional type and when the prime p is 
one of those appearing next to the weight A in the Hasse diagram for $ in Section 17.11 



6.3. Non-zero cohomology groups for types F4, E7, and Es. Let E be the Euclidean space 
spanned by Recall that the affine Weyl group W p is generated by the set of simple reflections 
{s a : a G A} C GL(E) together with the affine reflection sq := s aQtP , which is defined for A G E by 

s Q (A) = A - ((A,c$) -p)a = s ao (X) +pa . 

Theorem 6.3.1. Suppose that one of the following conditions is satisfied: 

(1) $ has type F4 and p = 13, so so ■ = 2u>4; 

(2) $ has type Ej and p = 19, so sq ■ = 2ui; or 

(3) <I> has type Eg and p = 31, so so ■ = 2los- 

Then H 1 (G(F g ), L(s ■ 0)) ^ k. 

Proof. For the root systems under consideration, the involution \i 1— > fi* := —wq^jl on X(T) is the 
identity, so by Theorem OH B}(G(¥ q ),L(8 ■ 0)) ^ H 1 (G,L(s • 0)) ^ Ext^,(L(s • 0), k). Now 



k if i = 1, and 
if i ^ 1 



Ext l G (L( So -0),A;) 

by the case w = l of (J^H 11.7.19(c)]. □ 

The following additional non- vanishing result holds for type E7. 

Theorem 6.3.2. Suppose $ has type E 7 and p = 7. Then H 1 (G(F (? ), L(w 6 )) = fc. 

Proo/. First, H 1 (G(F 9 ), L(w 6 )) ^ H 1 (G,L(w 6 )) by Theorem[L2U Next, ifp = 7 then dim if (w 6 ) = 
1 + dimL(w 6 ) by pS Table, p. 414]. Equivalently, dimV(u 6 ) = 1 + dimL(w 6 ). The Weyl module 
V(uq) has head isomorphic to L(uq), so we conclude for p = 7 that radcV(ujQ) = k. Then 
H^G, L(w 6 )) = Ext^(L(o; 6 ), fc) ^ ft by [Jin2l II.2.14]. □ 
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6.4. Vanishing via translation functors for type Es. Suppose <3? has type Eg and p = 31. Let 

A G X(T) + , and suppose H 1 (G, L(X)) ^ Ext^(E(A), k) + 0. Then by [Jan2l II.2.14], the trivial 
module L(0) = must appear as a composition factor of H°(X). We will show that this cannot 
happen if A G {ujj + Wg, CJ6 + ^si- 
First suppose A = a^ + wg. Consider the translation functor T^ s . We have T^ 8 (L(0)) = L(wg) by 
[Jan2l II.7.15]. Also, (spSg ) • = uj 7 + uj 8 and (s s 8 )-uj 8 = 2u 7 -u 8 <£ X(T)+, so Tg a (H°(uj 7 +uj 8 )) S 
H°(2ujj— uj 8 ) = by |Jan21 II. 7.11]. But Tj^ 8 is an exact functor, so if L(0) occurred as a composition 
factor in H°(ujj+uj 8 ), we would have T^ 8 (L(0)) = 0, a contradiction. Similarly, (sos 8 s 7 )-0 = ujq+uj 8 
and (sos 8 Sf) ■ lo 8 = u§ + ujj — u 8 X(T) + , so Tq 8 (H° (uj 6 + wg)) = 0, and L(0) cannot occur as a 
composition factor in H°(uq + co 8 ). We have proved: 

Theorem 6.4.1. Suppose $ /ias type E 8 and p = 31. Lei A G {^7 + uj 8 ,ujq + w s}- T/ien 

H 1 (G(F 9 ),L(A)) ^R\G,L(X)) = 0. 

In summary, for p > 3 (and p > 5 when <I> = .Eg), and for A less than or equal to a fundamental 
dominant weight, we have computed all cohomology groups H 1 (G(F g ),L(A)) except for 2 cases 
in type E 7 , A = 2w 7 , p = 5, and A = u>2 + W7, p = 7 indicated in Figure [2J and the 3 cases 
A G {2uj7,uji + o;7,o;2 + wg} for p = 7 in type Eg indicated in Figure El In all the cases we have 
computed, we have found dimH 1 (G(F g ), L(A)) < 1. 

7. Appendix 

7.1. Hasse diagrams for fundamental weights. In this section we describe the restriction of 
the partial ordering < on X(T) to the dominant weights A G X(T) + satisfying A < cjj for some 
fundamental dominant weight ujj. If <3? has classical type A n , B n ,C n or D n , then all such A are 
themselves fundamental dominant weights (or 0). 

Type A n . Each fundamental dominant weight ujj is minimal with respect to <. 

Type B n . The weight uj n is minimal with respect to <. The remaining fundamental dominant 
weights satisfy u] n -i > > • • • > ^2 > > 0. 

Type C n . Set ojq = 0. Then the fundamental dominant weights form two independent chains, 
oj n > uj n -2 > <^n-4 > • • • and w n _i > u n -3 > w n _5 > • • • , with ojq appearing as the smallest term 
in the chain having even indices, and oj\ appearing as the smallest term in the chain with odd 
indices. 

Type D n . The weights u n , w n -i> and u)\ are minimal with respect to <. The remaining funda- 
mental dominant weights satisfy w n _2 > w n -3 > ■ • ■ > <jJ\. 

Exceptional types. The Hasse diagrams for the exceptional types are given in Figures [THSl If the 
weight \i appears below and is connected to the weight A by a line, then [i < A. White boxes with 
black borders indicate that the given weight is conjugate (i.e., linked) to under the dot action 
of the affine Weyl group W p for the primes shown. Linkage relations were verified for 5 < p < 31 
using the computer program GAP [GAP] . 
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U 5 L0 4 UJ3 

0J 2 




Figure 1. Hasse diagram for E§. 



C04 




Figure 2. Hasse diagram for £7. 
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2wi + 00s 0l>2 + LO7 




Figure 3. Hasse diagram for E 8 . 
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Figure 4. Hasse diagram for F 4 

ti, 



Figure 5. Hasse diagram for G 2 



FIRST COHOMOLOGY GROUPS WITH SMALL DOMINANT WEIGHTS 



21 



7.2. Weights of induced modules. In this section we analyze the weights v of induced modules 
H°(t), when the root system has rank < 2. Given a dominant weight r, and given a weight v of 
H (t), one has r — v = 9 for some € N<$ + . For each possible restriction r of a weight A occurring 
in Section 17.11 to a rank one or rank two root subsystem, we list the corresponding possible values 
for v and 9. When has rank 2, write A = {a\, 02}, and let uj\ and 0J2 denote the corresponding 
fundamental dominant weights. 

Type Ai. In this case there is only a single fundamental dominant weight cj. Write A = {a}. 
The weights of H°(oj), H°(2u)), and H°(3oj) are given in Table EJ 







H [) (2u) 




W\3oj) 




V 


9 


V 


9 


V 


9 


U) 





2oj 





3uj 





—OJ 


a 





a 




a 






-2uj 


2a 


—Ld 


2a 










—3oj 


3a 



Table 2. Type Ax, weights of H°(co), H°(2lo), H°(3co). 

Type Ai x Ai. The weights of H°(u>i +W2) and H°(2u)\ +^2) are given in TableO The weights 
of H°(uji), H°(2u)i), and H°(3uii) can be deduced from the data for Type A\ in Tabled Since 
the situation is symmetric with respect to the ordering of the fundamental dominant weights, the 
weights of H°(u)2), H°(2u}2), and H°(3lj2) can also be deduced from the data in Tabled 







H [) (2oji +oj 2 ) 




V 


9 


V 


9 


OJl + UJ 2 





2oji + 0J2 





0J\ - 0J2 


a 2 


2oji — 0J2 


«2 


-OJl + 0J 2 


ai 


0J2 


ai 


-OJl - 0J 2 


ai + «2 


-U>2 


a\ + a 2 






-2oji + oj 2 


2ai 






—2oji — 0J2 


2a\ + 02 



Table 3. Type Ai x Ai, weights of H°{u\ +oj 2 ), H°(2oji +oj 2 ). 

Type A2. The weights of H°(oji), H°(2u)i), and H°(3oji) are given in Table HI Again, completely 
analogous results are obtained for the weights of H°(u)2), H°(2oj2), and H°(3oj2). The weights of 
H°(oji + 0J2) are also given in Table HI 

Type B2. Assume that a% is long and that 02 is short. The weights of H°(ui) and H°(u)2) are 
given in Table [5j 

Type G2. Assume that ai is short and that 02 is long. The weights of H (wi) and H°(oj2) are 
given in Table EJ 
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i/ u (2^i) 




F u (3^i) 




i7 u (^i + wo) 




U 


a 
u 


u 


a 
u 




O 


1/ 


a 



UJ\ 


n 
u 




n 
u 




n 
u 


0J\ + 6J2 


n 
u 


— U>1 + U>2 








+ C^2 


ai 




012 


—0J2 


Oi\ + 012 


— 1^2 


Oil + a2 


2wx — L02 


ai + 0L2 


, . 1 0, . 

—lo\ -r 


OL\ 






— ZOJ\ -+■ ZU>2 




/I 1 0, , 
—L0\ + Zix>2 


LOL\ 


n 
u 


OL\ + «2 








^U:^ C12 


n 


&UL\ ^ VC2 


UJ \ LiUJ^ 








-2oj 2 


2ai + 2a 2 


— 3a; 1 + 3a;2 


3ai 


— 2UJ\ + UJ2 


2ai + «2 










£Ji — 2w 2 


2ai + 2«2 


-UJi - L0 2 


2a! + 2a 2 










— 2wi + w 2 


3ai + Q2 














— Wi - W2 


3ai + 2a 2 














-3a; 2 


3ai + 3«2 







Table 4. Type A 2 , weights of #°(2wi), H°(3ui), +w 2 ). 















V 


e 


— CJi + 2w 2 


Wi — 2^2 




ai 

Q!i + 02 
ai + 2a 2 
2«i + 2«2 


UJi - 0J 2 
-U>i + UJ 2 
-0J2 




OL2 

ol\ + a 2 
ai + 2a 2 



Table 5. Type B 2 , weights of H ^), H (lo 2 )- 











V 


e 
















-UJ\ + UJ2 




2>0J\ — UJ2 


«2 


2ui — 0J2 


OL\ + 02 


UJi 


CKi + «2 





2a\ + «2 


—UJi + UJ2 


2ai + a 2 


-2uj\ + oj 2 


3ai + «2 


2ljJ\ — Ld2 


2ai + 2a2 


UJ\ - UJ2 


3a 1 + 2«2 


—3uji + 2^2 


3ai + a 2 


-UJi 


4«i + 2«2 





3ai + 2a2 






3wi — 2^2 


3ai + 3«2 






— 2(^1 + UJ2 


4«i + 2«2 






UJi - U>2 


4«i + 3«2 






-UJi 


5ai + 3«2 






— 3wi + 6^2 


6ai + 3«2 






-W2 


6ai + 4«2 



Table 6. Type G 2 , weights of H ^), H°(aj 2 )- 



FIRST COHOMOLOGY GROUPS WITH SMALL DOMINANT WEIGHTS 



23 



8. VIGRE Algebra Group at the University of Georgia 

8.1. This project was initiated during Fall Semester 2009 under the Vertical Integration of Re- 
search and Education (VIGRE) Program sponsored by the National Science Foundation (NSF) at 
the Department of Mathematics at the University of Georgia (UGA) . We would like to acknowledge 
the NSF VIGRE grant DMS-0738586 for its financial support of the project. The VIGRE Algebra 
Group at UGA consists of 5 faculty members, 3 postdoctoral fellows, and 7 graduate students. The 
group is led by Brian D. Boe, Jon F. Carlson, Leonard Chastkofsky, and Daniel K. Nakano. The 
email addresses of the group members are given below. 



Faculty: 

Brian D. Boe 
Jon F. Carlson 
Leonard Chastkofsky 
Daniel K. Nakano 
Lisa Townsley 

Postdoctoral Fellows: 

Christopher M. Drupieski 
Niles Johnson 
Benjamin F. Jones 

Graduate Students: 

Adrian M. Brunyate 
Wenjing Li 
Nham Vo Ngo 
Due Duy Nguyen 
Brandon L. Samples 
Andrew J. Talian 
Benjamin J. Wyser 



brian@math.uga.edu 
jfc@math.uga.edu 
lenny ©math .uga.edu 
nakano@math.uga.edu 
townsley@math.uga.edu 

cdrup@math.uga.edu 

njohnson@math.uga.edu 

jonesbe@uwstout.edu 

brunyate@math.uga.edu 

wli@math.uga.edu 

nngo@math.uga.edu 

dnguyen@math.uga.edu 

bsamples@math.uga.edu 

atalian@math.uga.edu 

bwyser @math . uga.edu 



8.2. Acknowledgements. The authors would like to acknowledge useful discussions with Robert 
Guralnick on low degree cohomology for finite groups. 

References 

[And] H. H. Andersen, Extensions of modules for algebraic groups, Amer. J. Math. 106 (1984), no. 2, 489-504. 
[AG] M. Aschbacher, R. M. Guralnick, Some applications of the first cohomology group, J. Algebra 90 (1984), 
no. 2, 446-460. 

[BNP] C. P. Bendel, D. K. Nakano, and C. Pillen, On comparing the cohomology of algebraic groups, finite Chevalley 

groups and Frobenius kernels, J. Pure Appl. Algebra 163 (2001), no. 2, 119-146. 
[CPS1] E. Cline, B. Parshall, and L. Scott, Cohomology of finite groups of Lie type. I, Inst. Hautes Etudes Sci. Publ. 

Math. (1975), no. 45, 169-191. 
[CPS2] E. Cline, B. Parshall, and L. Scott, Reduced standard modules and cohomology, Trans. Amer. Math. Soc. 

361 (2009), no. 10, 5223-5261. 
[CPSK] E. Cline, B. Parshall, L. Scott, and W. van der Kallen, Rational and generic cohomology, Invent. Math. 39 

(1977), no. 2, 143-163. 

[Eve] L. Evens, The cohomology of groups, Oxford Mathematical Monographs, The Clarendon Press Oxford Uni- 
versity Press, New York, 1991, Oxford Science Publications. 

[Fri] E. M. Friedlander, | Weil restriction and support v arieties, J. Reine Angew. Math. 648 (2010), 183-200. 

[FP] E. M. Friedlander and B. J. Parshall, Cohomology of infinitesimal and discrete groups, Math. Ann. 273 
(1986), no. 3, 353 -374. 

[GAP] The GAP Group, \GAP - Groups, Algorithms, and Programming, Version 4-4- 12\ 2008. 



2-1 



UNIVERSITY OF GEORGIA VIGRE ALGEBRA GROUP 



[GS] P. B. Gilkey and G. M. Seitz, Some representations of exceptional Lie algebras, Geom. Dedicata 25 (1988), 

no. 1-3, 407-416, Geometries and groups (Noordwijkerhout, 1986). 
[Gur] R. M. Guralnick, The dimension of the first cohomology group, Representation theory, II (Ottawa, Ont., 

1984), Lecture Notes in Math., vol. 1178, Springer, Berlin, 1986, pp. 94-97. 
[GH] R. M. Guralnick and C. Hoffman, The first cohomology group and generation of simple groups, Groups and 

geometries (Siena, 1996), Trends Math., Birkhuser, Basel, 1998, pp. 81-89. 
[GT] R. M. Guralnick and P. H. Tiep, First cohomology groups of Chevalley groups in cross characteristic, to 

appear in the Annals of Math. 
[Huml] J. E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in Mathematics, 

vol. 9, Springer- Verlag, New York, 1978, Second printing, revised. 
[Hum2] , Modular representations of finite groups of Lie type, London Mathematical Society Lecture Note 

Series, vol. 326, Cambridge University Press, Cambridge, 2006. 
[Janl] J. C. Jantzen, First cohomology groups for classical Lie algebras, Representation theory of finite groups and 

finite-dimensional algebras (Bielefeld, 1991), Progr. Math., vol. 95, Birkhauser, Basel, 1991, pp. 289-315. 
[Jan2] , Representations of algebraic groups, second ed., Mathematical Surveys and Monographs, vol. 107, 

American Mathematical Society, Providence, RI, 2003. 
[Jon] W. Jones, Cohomology of finite groups of Lie type, Ph.D. thesis, University of Minnesota, 1975. 
[JP] W. Jones and B. Parshall, On the 1-cohomology of finite groups of Lie type, Proceedings of the Conference 

on Finite Groups (Univ. Utah, Park City, Utah, 1975) (New York), Academic Press, 1976, pp. 313-328. 
[KS1] A. S. Kleshchev and J. Sheth, On extensions of simple modules over symmetric and algebraic groups, J. Al- 
gebra 22 1 (1999), no. 2, 705-722. 

[KS2] , Corrigendum: On extensions of simple modules over symmetric and algebraic groups' , J. Algebra 

238 (2001), no. 2, 843-844. 

[LN] Z. Lin and D. K. Nakano, Complexity for modules over finite Chevalley groups and classical Lie algebras, 
Invent. Math. 138 (1999), no. 1, 85-101. 

[ML] S. Mac Lane, Homology, Classics in Mathematics, Springer- Verlag, Berlin, 1995, Reprint of the 1975 edition. 

[Nak] D. K. Nakano, Cohomology of algebraic groups, finite groups, and Lie algebras: Interactions and connections, 
to appear in Proceedings of the 2009 ECNU Summer School on Lie and Representation Theory II, 2010. 

[PS1] B. J. Parshall and L. L. Scott, Integral and graded quasi-hereditary algebras, II with applications to repre- 
sentations of generalized q-schur algebras and algebraic groups, 2009, arXiv : 0910 . 0633vl 

[PS2] B. J. Parshall and L. L. Scott, Bounding Ext for modules for algebraic groups, finite groups, and quantum 
groups, 2009. larXiv : 0909 . 52071 

[Sco] L. L. Scott, \Bome new examples in l-cohomology\ J. Algebra 260 (2003), no. 1, 416-425, Special issue cele- 
brating the 80th birthday of Robert Steinberg. 

[UGA] U. of Georgia VIGRE Algebra Group, On Kostant's theorem for Lie algebra cohomology, Representation 
theory, Contemp. Math., vol. 478, Amer. Math. Soc, Providence, RI, 2009, University of Georgia VIGRE 
Algebra Group: Irfan Bagci, Brian D. Boe, Leonard Chastkofsky, Benjamin Connell, Bobbe J. Cooper, 
Mee Seong Im, Tyler Kelly, Jonathan R. Kujawa, Wenjing Li, Daniel K. Nakano, Kenyon J. Piatt, Emilie 
Wiesner, Caroline B. Wright and Benjamin Wyser, pp. 39-60. 

[Wil] A. Wiles, [Modular elliptic curves and Fermat's last theorem\ Ann. of Math. (2) 141 (1995), no. 3, 443-551. 

Department of Mathematics, University of Georgia, Athens, GA 30602-7403 

Benjamin F. Jones, Department of Mathematics, Statistics, and Computer Science, University of 
Wisconsin-Stout, Menomonie, Wisconsin 54751 



